New Application of the (G’/G)-Expansion Method to Excite Soliton
Structures for Nonlinear Equation

Bang-Qing Li*® and Yu-Lan Ma®

4 Department of Computer Science and Technology, Beijing Technology and Business University,
Beijing 100048, PR China

b Department of Applied Mathematics, Beijing Technology and Business University, Beijing 100048,
PR China

¢ School of Mechanical Electronic and Information Engineering, China University of Mining and
Technology, Beijing 100083, PR China

Reprint requests to Y.-L. M.; E-mail: mayl@th.btbu.edu.cn
Z. Naturforsch. 65a, 518 — 524 (2010); received May 4, 2009 /revised October 16, 2009

The (G'/G)-expansion method is extended to construct non-travelling wave solutions for high-
dimensional nonlinear equations and to explore special soliton structure excitations and evolutions.
Taking an example, a new series of the non-travelling wave solutions are calculated for the (2+1)-
dimensional asymmetrical Nizhnik-Novikov-Veselov system by using the (G’/G)-expansion method.
By selecting appropriately the arbitrary functions in the solutions, special soliton-structure excitations

and evolutions are studied.
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1. Introduction

The dynamics of soliton structures is a fascinat-
ing subject for nonlinear evolution equations (NEEs)
which are drawn from interesting nonlinear physical
phenomena. The soliton structures can be considered
as a type of the special exact solutions of NEEs. It
is a quite difficult but significant task to generate the
localized soliton structures for (2+1) (2 spatial and 1
temporal)-dimensional NEEs. Just a few approaches
have been mentioned in the literature, such as the vari-
able separation method [1—11], the Riccati equation
mapping method [12—23], and the similarity reduction
method [24].

Very recently, an approach called the (G'/G)-
expansion method was proposed to obtain new ex-
act solutions of NEEs [25]. Subsequently the power-
ful (G'/G)-expansion method has been widely used by
many such as in [26—-34]. The method bases on the
homogeneous balance principle and the linear ordi-
nary differential equation (LODE) theory. In general,
the solutions obtained by the (G'/G)-expansion method
include three types, namely, hyperbolic function so-
lutions, trigonometric function solution, and rational
function solutions. However, the previous works have

mainly concentrated on obtaining new exact travelling
wave solutions for NEEs.

Our goal of this paper is to extend the (G'/G)-
expansion method to construct non-travelling wave so-
lutions with arbitrary functions, which can be used
as seed functions to excite localized soliton struc-
tures for high-dimensional NEEs. As one application
of the method, we will consider the well-known (2+1)-
dimensional asymmetrical Nizhnik-Novikov-Veselov
(ANNV) system

U + Uy — vt — 3vuy, = 0, (1)

e+ vy = 0. 2)

The ANNYV system (1) —(2) was initially introduced by
Boiti et al. [35], and its several soliton structures were
studied respectively by the variable separation method
[36] and the Riccati equation mapping method [37].
The organization of this paper is as follows. Sec-
tion 2 is devoted to describe the process of construct-
ing a new series of the non-travelling wave solutions of
the ANNYV system by extending the (G'/G)-expansion
method. On the basis of the solutions, a type of the
localized soliton structure excitation can be studied
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through appropriate selection of the arbitrary functions
in Section 3. Finally, we conclude in Section 4.

2. The (G’ /G)-expansion Method and the Non-
Travelling Wave Solutions of the ANNV System

For a given (2+1)-dimensional NEE with indepen-
dent variables x,y,t and dependent variable u

=0, 3

F(MvMtvM)C»uyvMttvuxtvuytvuxyvuxxvuyyv o

the fundamental idea of the (G'/G)-expansion method
is that the solutions of (3) can be expressed by a poly-
nomial in (G'/G) as follows [25]:

-fa[5]

i=0

where g = sx+ Iy — V't is the travelling wave transfor-
mation, and s,/,V, a; (i =0,1,2,...,n) are constants
to be determined later, G(g) satisfies the second order
LODE as follows:

G'"+AG +uG=0. (5)

In order to construct the non-travelling wave solu-
tions with arbitrary function ¢(x,y,t) for the ANNV
system (1)—(2), we suppose its solutions can be ex-
press as follows:

u:izn;’)ai Z((:I]))}l . L6
n 10NTi- TS
Lols) e}
m 10 N7i- ST
Eola] -G

where a; (i = 0,1,2,...,n), Aj (j = 1,2,....n), bj

(i=0,1,2,...,m),B; (j=1,2,...,m), are functions of
x,y,t to be determined later, ¢ = g(x,y,t) is an arbitrary
function of x,y,z, and G(q) satisfies the second-order
LODE as follows:

G’ +uG=0. (8)

Remark 1: Compared with (4), the travelling wave
transformation g = sx + Iy — V¢ is a special case of the
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arbitrary function ¢ of x,y,t in (6) and (7). Thus the
coefficient a;,Aj,b;, B in (6) and (7) must be functions
of x,y,t.

Remark 2 In (6) and (7), the added term of

[G'(9)/G@)) " {-1G(q)/G@)'} /2 s for obtaining
more helpful equations to solve a;, A}, b;, Bj.

Applying the homogenous balance principle [38],
we obtain n = m = 2. Thus (6)—(7) can be converted

e (§)ro(§) (3]

w(GHE)T

=t () oo (&) 40 [(5)]
(@FE)]

where ag, a;, az, A1, Az, bo, by, by, By, By are functions
of x,y,t to be determined later, and ¢ is an arbitrary
function of x, y, t.

For simplifying the computation, we seek for the
variable separation solutions of the ANNV system
(D)~ (2) by taking g(x,y,1) = f(x,t) +g(y,1).

Substituting (9)—(10) into the ANNYV system (1) —
(2), collecting all terms with the same power of (G'/G)
together, the left-hand sides of the ANNV system (1) —
(2) are converted into the polynomials in (G'/G). Then
setting each coefficient of the polynomials to zero, we
can derive a set of over-determined partial differen-
tial equation for ag, ai, az, A1, A2, by, by, ba, By, By,
and q.

©)

(10)

G\’ X

(E) :2axqy —axby —AxB =0, (11)

"2
< ) { ( ” : 2A2q° — ayBy — Ayby = 0,(12)
< :3(a1by +axby +ArB1 +A1By) (13)

+2[(@29x)x + gx(a2: — a19x)] = 0,

G ok

(E) |: ( >:| :3(a1By +Asxby + ayBy (14)

+Alb2) +2 [(AZqX)X + CIX(AZx _Al%c)] =0,
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w

Azx—Aqu—Bzy-i-B]qy =0,

Luf, Cisinh/—uq+ Cycosh/—plgq 31
Lay,—byy =0, (26) HIx8y e cosh \/—fig + Cosinh /g |
C3-Ct 2
(C) cosh /=g + Cysinh\/=[1g)?
yy = it 8t o 2017

)

Gl

(E) : 3qx(aoba + azbo + a1by + A1 By + UALBy) — axg — gx(are — a1qx)x + arngs — 8laxg; =0, (15)
G'\? G'\'?

<E> [— <E> ] :3qx(a1B1 +A1by +aoBa + Axbo) — Axgr — qx(Az — A1 g)x (16)

) + ‘];zc(Alx — HA2Gy) — 4.UA2%3c =0,

Gl

(E) : 3qu(aoby + arbo + HALB) + UA1By) — a1q, — qulary — 2pangy)x + 2Uq2 (aa — a1qx) =0, (17)
G G'\:? 5

(E) [_ (5) } :3qx(aoB1 +A1bo) — A1gr — qx(A1x — RA2Gx)x + 1y (Aoy — A1gx) = O, (18)
G/

(E) : 3(aoby + a1bo + WA2By + LA By — ay; — (a1x — 21aqy)xx + 21 [qc (a2 — a1qy)]x = 0, (19)
A\ [G'\?

() [-(£)] +3taomi-+aib0h— s = (Arc— s+ st 10 =0, (20)
G'\°

<E> : 3(aobo + 1A By )x — aor — (@ox — Ha1qx)x + H[gx(arx — 2Hazgy)]x =0, (21)
G\* ap=A1=0, ay=A=¢q.qy,

<—> taxqc—brqy =0, (22) ) i
G bz:Bzqua BIZbIZ_CIxx, (30)
G'\?2 G\’ 3 Substituting (29), (30), and the general solutions of

(E) [— <E> ] :A2qx — Bagy =0, (23)  (8) into (9)—(10), we can obtain the non-travelling

5 wave solutions for the ANNV system (1)—(2).
/

<g> tasy —aiqx — by, +b1g, =0, (24) Case 1. When u < 0, the hyperbolic function solu-
G tions for the ANNV system (1) —(2) are the following:
¢ a1’ Ci sinh +Cscosh 2
Z)-(=Z : 1 sinh \/=fIg+C; cosh /=g

<G> |: (G) :| (25) ul:.ufxgy_.ufxgy .

Cj cosh/—pug+Cysinh\/— g

QlQ ol alQ

0
: Aoy — aiqgx — boy + pbigy = 0. 28 3fx
< > 0 Hetnd Boy T O (28) _ =y, Cusinh Vg + Cocosh g
XX .
Solving (11)—(28) yields Cycosh /=g + Cysinh\/—[ig
G+ Qoo+ 20143 _ f2<C1 sinh\/—,liq—l—Cgcosh\/—,uq>2
ao = Hqxqy, bO:Txv *\ C| cosh /=g + Cysinh /=g 1
a1—A1—0 ay = Az—qxq (29) +\/_f |: C%_Clz :|2
= — 5 —_— . —_ X! )y - .
by = —By = ¢ Bl:_blzg e (€ cosh g+ Cosinh /= fig)?
v o n f2C1 sinh \/—pg+ Cycosh/—pg
and H

* Cy cosh/— g+ C, sinh\/—lig
_ %"'Qxxx'i'z.u'%% . |: C%_Clz
34x ’ (Ci cosh /=g + Casinh /= [ig)?

2
ap = :uqqua bO :| 3 (32)
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and

_ Cysinh/—ug+Cycosh/— g 2
Uz = Hfxy = K8y <C1 cosh/—lq+ Cysinh/—plig

(33)
1
uf C sinh /=g + Cycosh/— g G -C? 2
# xgyCIcosh\/—uq—i—Czsinh\/—uq (Cicosh /=g + Cysinh/—pg)? | ’
Ji ¥ 8+ foo +2013 C) sinh\/=[1q + C>cosh /= lig
= _fox -
3fx Cjcosh/—ug+ Cysinh/—ugqg
1
f C;sinh/—uq+ Cycosh/—pq _ JThf C%—C% 2 (34)
Cicosh/—ug+ Cysinh/— g | (Cy cosh /=g + Cysinh /—f1q)?

_u , C1sinh\/—pug+ Cycosh/— g G -C? 2
* C) cosh /=g + Cysinh /=g | (Cy cosh /=g + Cysinh\/—ug)? | ’
where ¢ = f(x,t) + g(,1), fr # 0, fuxr and gy, g exist, and C3 — C3 > 0.

Case 2. When pu > 0, the trigonometric function solutions for the ANNYV system (1) —(2) are the following:

—C| sin\//._l,q—i—Czcos\//._l,q)2
Cicos\/iig + Cysin /g

—Cisin/fig +Cscos \/lig [ C?+C3 } 2
Cicos\/lig+Cysin/fig | (Cycos\/lig+Cysin/lig)? | ’

—Cysiny /g +Cycos /g
Cicos\/ug+ Cysin /g

C1s1n\/_q+Czcos\/_q + VRS C?+C3 P
Cicos /g + Cysin\/lig = (Cicos/lg+ Casin/1ig)?

, —Cysin/Iig + Cycos \/lq [ I+ ] 2
Y Cicos\/lig+Cysin/fig | (Cjcos\/ig+Cysiny/lig)?| ’

uz = [frgy + 1fx8y (
(35)

- .ufxgy

fit g+ fon+2uf
3fx

- \/ﬁfxx

V3 =

+uf? ( (36)

and

—Cisin /g + Cscos ﬂq) 2
Cicos\/ltg + Cosin /g

1
—Cysin/lig + Cycos /g { C?+¢? } 2
Cicos/llg+Casiny/lig | (Cicos/fig+Casiny/lig)? | '

:ﬁ+gt+fm+2uf3_\/—f —C)sin\/fig+Cycos /g

Ugq = :ufxgy +/~fogy <
(37

+”fxgy

3fs Cjcos \/ﬁq—i—Cg sin/Hlq
1
n /.Lf2 —Cysin /g +Cycos \/_q B C12 + C% 2 %)
*\ Cicos/lig+ Casin\/lig (Cicos/fig+ Cysin\/lig)?

+up? —Cisin/lig +Cycos \/liq C12—|—C% 2
Y Cycos/lig+Casiny/lig | (Cicos\/flg+Casin\/lig)?| '
where ¢ = f(x,t) + g(,1), fx # 0, fuxr and gy, g exist, and C7 + C3 # 0, namely, C; # 0 and C; # 0.
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Fig. 1. Evolution plots of the solution (31) under the parameters (42) with time: (a) t =0; (b)t =0.6; (c)t =1.2; (d)t = 1.8.

Case 3. When u = 0, the rational function solution
for the ANNV system (1) —(2) is the following:

a
us fxgy <C1q+C2> ) ( 9)
_ ﬁ+gt+fxxx
T
’ (40)

C] 2 C]
2(gara) 12 (aura) )
where g = f(x,1) +8(y,1), fr # 0, fexr and gy, g exist,
and C; # 0.

Comparing the solutions (31)—(40) with those in
[36] obtained by the variable separation method, we
find that there are some connections between these so-
lutions. If setting C; = 1, C; = 0, the solutions (39) and
(40) can be degenerated to the solutions (19) and (20)
given in [36], respectively.

3. Soliton Structure Excitation

Thanks to the arbitrary functions f(x,#) and g(y,)
in the solutions (31)—(40), it is convenient to excite

abundant soliton structures. We take the solution (31)
as an example to study the soliton excitations for the
ANNYV system (1) —(2). For instance, we select

f(x,1) = sin(—x* — £*) exp(—x* — 1?),

g(y1) = sin(—y?) exp(—y?).
Substituting (41) into (31) leads to a type of oscillatory
dromion soliton structure for the ANNV system (1) —
(2). Figure 1ato d are the evolution plots of the solution
(31) with time under the parameters

Ci=1,G=12, [.12—1.

(41)

(42)

Figure 2a—d are the corresponding projection plots to
Figure la—d on the x,u plane. The amplitude of the
soliton structure varies dramatically while the wave
shape fluctuates with time.

Above we showed the excitation process of a spe-
cial dromion soliton structure of the solution (31) for
the ANNYV system (1)—(2). It is clear that other selec-
tions of the arbitrary functions f(x,r) and g(y) in (31)
may generate rich localized soliton structures. On the
other hand, the solutions (31)—(40) may also be used
to excite abundant soliton structures.
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(a)
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(b)

(C)

Fig. 2. Corresponding projective plots to Figure 1 on the x,u plane: (a)t =0; (b)r =0.6; (¢)t =1.2; (d)t = 1.8.

4. Conclusion

By extending the (G'/G)-expansion method, we are
able to construct a new series of exact non-travelling
wave solutions of the (2+1)-dimensional ANNV sys-
tem. Furthermore, by selecting appropriately the arbi-
trary function g(x,y,) included in the solutions, one
can study various interesting localized soliton excita-
tions. Within our knowledge, it is the first attempt to
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